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The text

11000101011011101
is partitioned into

() (1) (10)

Main motivation: The Lempel et Ziv Algorithm.
The Lempel-Ziv algorithm is a dictionary-based scheme
– partition a sequence into phrases (blocks) of variable sizes
– a new block is the shortest substring not seen in the past as a phrase
– or parsing according to the “Déjà Vu” Principle
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The text

11000101011011101
is partitioned into

() (1) (10) (0) (01) (010) (11) (011) (101)
The phrases are inserted
in a digital structure.

Main motivation: The Lempel et Ziv Algorithm.
The Lempel-Ziv algorithm is a dictionary-based scheme
– partition a sequence into phrases (blocks) of variable sizes
– a new block is the shortest substring not seen in the past as a phrase
– or parsing according to the “Déjà Vu” Principle
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– The left subtree contains the words of Y beginning with a
Y(a) : subsequence of Y formed with words beginning with a
Left [DST (X )] := DST (Y(a) ).
– The right subtree contains the words of Y, begin with b.
Y(b) : subsequence of Y formed with words beginning with b
Right [DST (X )] := DST (Y(b) ).
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The trie does not depend on the order
of the words, where as DST does.
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For trie, (external) path length
3 × 2 + 1 × 3 + 2 × 4 = 17
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a mechanism which produces symbols from alphabet Σ,
one for each time unit.
When (discrete) time evolves, a source produces (infinite) words of ΣN .
Xn the symbol emitted at time t = n
A probabilistic source is defined by
sequence (X0 , X1 , . . . , Xn , . . .) of random variables
Simple sources: sources with weak correlations between successive symbols
Memoryless source : the variables Xi are independent,
with the same distribution defined by pi = Pr[Xn = i](i ∈ Σ)
Markov chain: the only dependence is between consecutive Xn ’s
defined by the transition matrix pj|i = Pr[Xn+1 = j|Xn = i]
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The analyses involve the Dirichlet series of the source, defined as
X
Λ(s) =
psw
Remark: Λ(1) = ∞
w∈Σ?
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For a general source S, Λ(s) can be expressed with (I − Ps )−1 ,
where Ps is an operator.
For the asymptotics of the mean path length, we need that:
– the source S to be “tame”
– i.e, Λ(s) has nice analytic properties
on the left of the vertical line <s = 1.

Previous results of Trie for a general source
[Clément, Flajolet, Vallée (2001)]

Consider n words independently drawn from a general tame source. Then
the mean path-length E[Tn ] of the Trie satisfies
E[Tn ] =

1
n log n + nBS + nδT (n) + Rn
hS

The remainder term Rn depends on the “tameness” region of the source.
The “fluctuating” (small) term δT (n) exists when the source is periodic.
The constant term BS is expressed with characteristics of the source.
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For the binary unbiased source: AS − BS = − 
+
log 2
2k − 1
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1
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To be compared with the analog result previously obtained for tries
Consider a general tame source. Then, the mean path-length of a trie built
on n words independently emitted by S satisfies
E[Tn ] =

1
n log n + BS n + nδT (n) + Rn[T ]
hS

We have obtained an expression for AS − BS which proves that AS < BS
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(B) Analytic asymptotic step: depends on the tameness of the source
or the analytic properties of $(s).
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Main steps of analysis of the mean path length
+ Basic recurrence of the mean path length
+ Poisson generating function transforms the recurrence
into functional differential equation
+ Solve the functional differential equation
X
d (w)
B (z) + B (w) (z) = z +
B (w.i) (qi|w z).
dz
i∈Σ
– Laplace transform to obtain the exact expression
– Mellin to provide an alternative expression and
information about the singularities
+ Under some hypotheses on the source, apply the Rice
formula to obtain the asymptotic value

(:–) Merci de votre attention

Various extensions
Main result. For a general “hyper-tame” source, the typical depth of a
DST follows an asymptotic gaussian law.
– To be done :
– Return to the analysis of the Lempel Ziv algorithm.
– Make precise all the tameness properties,
(tame, super-tame, hyper-tame)
even in the case of simple sources

